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Abstract
Many features of multiparticle production in ultra-relativistic nuclear collisions reflect the col-
lision geometry and other collision characteristics determining the initial conditions. As the initial
conditions affect to a different degree all the particles, it leads to truly multiparticle effects often
referred to as anisotropic collective flow. Studying anisotropic flow in nuclear collisions provides
unique and invaluable information about the system evolution and the physics of multiparticle pro-
duction in general. Being not able to cover all aspects of anisotropic flow in one lecture, I decided
in the first part of the lecture to discuss briefly a few important and established results, and in
the second part, to focus, in a little more detail, on one recent development – a recent progress in
our understanding of the role of fluctuations in the initial conditions. I also discuss some future
measurements that might reveal further details of the multiparticle production processes.
1 Introduction
In ultra-relativistic nuclear collisions, the particle momentum distributions, and in particular particle
azimuthal distributions strongly depend on the initial geometry of the collision. Such dependence is
usually discussed in terms of anisotropic collective flow, for a recent review, see [1]. Anisotropic flow has
been studied since the first experiments at Bevalac, but the first measurement of the in-plane elliptic
flow (v2 = 〈cos[2(φ − ΨRP )]〉 > 0, where ΨRP is the reaction plane angle)) by the E877 Collaboration
in Au+Au collisions at the BNL AGS [2, 3] marked a new page in the history of anisotropic flow as a
start of flow studies in truly ultra-relativistic collisions. Since then, the anisotropic flow measurements
became one of the most productive direction in our pursuit to understand the physics of the high energy
nuclear collisions and multiparticle production in general.
This lecture consists of two parts. For the first part, out of several major results from RHIC, I
have selected three well established and very important measurements that are directly related to the
anisotropic flow: elliptic flow of charged particles, the number of constituent quark (NCQ) scaling of
elliptic flow, and charge dependent correlation measurements sensitive to the so-called chiral magnetic
effect (CME). I also compare these RHIC results to recent LHC measurements. The selection of these
three topics is based on the following. The charged particle elliptic flow measurement was crucial in
building of the picture of sQGP - strongly interacting/coupled quark-gluon plasma, with a conclusion
that the system created at RHIC behaves as almost ideal liquid with the lowest ever observed viscosity
over entropy density ratio. The NCQ scaling of elliptic flow is considered as a strong evidence for
deconfinement, one of the major characteristics of QGP. The charge dependent azimuthal correlations
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relative to the reaction plane are directly sensitive to the CME - the charge separation along the
strong magnetic field of colliding nuclei that is intimately related to the properties of the QCD vacuum.
The level of uncertainty in the interpretation of the above mentioned three measurements (and the
corresponding backgrounds) is different - increasing from the first one to the last, but taking into
account the importance of the questions, the coalescence hadronization picture in the case of NCQ
scaling, and, possibly, the first direct measurement related to the non-perturbative structure of QCD
vacuum in the last, all three measurements can not be undervalued.
The second part of this lecture is about the rapid development over the last couple years in our
understanding of the role of anisotropic flow fluctuations, and their relation to seemingly unrelated
phenomena observed via two-particle correlations, such as the “ridge” and “Mach cone”. The uncovering
of this relationship has resolved a long standing issue of the relative importance of flow fluctuations
and the so-called nonflow. For several years we were puzzled by a possibility to explain the difference
between two- and multi- (more than two) particle measurements of elliptic flow either almost entirely by
flow fluctuations, or again, almost entirely by nonflow assessed via analysis of two-particle correlations.
It appears that the resolution of this puzzle is simple: two approaches are just different descriptions of
the same phenomena - the system response to the fluctuating initial conditions. This understanding
allows us to propose totally new and promising new insights measurements, such as the femtoscopic
analysis of the particle production relative to the higher harmonic event planes.
2 Major results from RHIC era and comparison to LHC data
2.1 Integrated and differential elliptic flow of charged particles
One of the main (and probably most widely known) result from RHIC is the observation of strong elliptic
flow (v2), which for the first time is quantitatively close to the predictions of ideal hydrodynamics.
Although for many this result appeared as totally unexpected, an analysis of the BNL AGS and CERN
SPS data indicated that the elliptic flow exhibited a strong increase with collisions energy in that energy
domain. A simple extrapolation to RHIC (and the LHC) energies, e.g. performed using suggested in [4]
v2/ε scaling with particle density (here ε is the eccentricity of a nuclear collision overlap zone) suggested
a significant increase in v2 up to the RHIC energies with some kind of a saturation at lager energies.
The experimental measurements [5] agree well with such a conclusion, see the excitation function of
elliptic flow in mid-central collisions in Fig. 1. The recent data from LHC [6] supports the picture
indicating that at even higher system temperatures at LHC, the elliptic flow remains to be large in an
agreement with hydrodynamic calculations.
Ever more precise measurements of anisotropic flow was developing along with a significant progress
in viscous relativistic hydrodynamics calculations. The comparison of the experimental results with
theory allowed unprecedented extraction of transport properties of sQGP, first of all the ratio of shear
viscosity to entropy density. That appeared to be the lowest ever observed, of the order of a few times
the lower bound 1/4pi, see Fig. 1, right panel, which shows a comparison of v2 centrality dependence to
different viscous hydrodynamic calculations [7, 8].
2.2 NCQ scaling of elliptic flow
The QGP is a thermalized and deconfined QCD matter. To test if the deconfinement has been reached
in nuclear collisions is not a simple task, in particular because at present we do not have any theo-
retical model that would self-consistently describe the hadronization process. This is the reason why
the idea [10], that in heavy ion collisions there might be a region in transverse momentum where the
particle production will be dominated by quark coalescence and, at the same time, can be described by
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energies. Hydrodynamic models [51, 52, 53] and hybrid models [54, 55] that successfully
describe flow at RHIC predicted an increase of ⇠10–30% in v2.
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Figure 14. a) Integrated elliptic flow at 2.76 TeV in the 20–30% centrality class
compared with results from lower energies taken at similar centralities (From [20]). b)
Elliptic flow as a function of event centrality, for the 2- (full circles ) and 4-particle (full
squares) cumulant methods compared to viscous hydrodynamic calculations (dashed
lines) [20, 56, 57].
Figure 14a shows the measured integrated elliptic flow at the LHC in one centrality
bin, compared to results from lower energies. It shows that there is a continuous increase
in the elliptic flow from RHIC to LHC energies. In comparison to the elliptic flow
measurements in Au–Au collisions at
p
s
NN
= 200 GeV v2 increases by about 30% atp
s
NN
= 2.76 TeV.
Figure 14b shows the v2 for di↵erent centralities measured by ALICE with the two-
and four-particle cumulant method. The di↵erence between the two- and four-particle
flow estimates for the more central collisions (< 40%) is expected to be dominated by
event-by-event flow fluctuations (see Eq. 11). For the more peripheral collisions the
two-particle cumulant is likely biased by non-flow. We already mentioned that v2{4}
yields estimates of the elliptic flow in the reaction plane which can thus be compared to
model predictions of v2{RP}. The curves in Fig. 14b show v2{RP} from hydrodynamic
model calculations for
p
s
NN
= 2.76 TeV, with initial eccentricities and magnitudes of
⌘/s which described the RHIC data. It is seen that in hydrodynamic calculations the
observed increase in v2 from RHIC to LHC energies is within expectations. Detailed
comparisons, however, have to wait till measurements of identified particle spectra and
identified particle elliptic flow become available. It will then be important to see if one
still obtains a quantitative description of the data in viscous hydrodynamics and what
the required magnitude of ⌘/s then will be.
In addition to comparisons with detailed dynamic model calculations we might
also learn something from what happens to the several simple scaling properties
observed at lower energies. For instance, it was shown that the integrated elliptic flow
depends linearly on the pseudorapidity ⌘, measured with respect to the beam rapidity
ybeam [58], as is shown in Fig. 15a. Based on this scaling behaviour a phenomenological
Figure 1: (Left) Energy depend nce of the average elliptic flow in 20-3 % centrality bin at different
collision energies (from [6]). (Right) v2 c ntrality depe dence in Pb+Pb collisi ns at 2.76 TeV [6]
compared to viscous hydro calculations (this figure is taken from [9]).
the standard coalescence formalism attracted a lot of attention. (Note that in general the standard coa-
lescence formalism is applicable only to the so-called rare processes in which the “parent” distributions
are weakly affected by the coalescence process – just recall that the formalism was developed for the
light nuclei production.) Based on th coalescence adronization picture e can make predictions on
the dependence of the particle mean transverse momentum on particle density, baryon-to-meson ratio,
and most importantly for this discussion, for anisotropic flow of baryons and mesons.
The essence of the coalescence formalism is the statement that the invariant spectrum of produced
particles is proportional to the product of the invariant spectra of constituents:
dNB
d2p⊥
(p⊥) = CB
[
dNq
d2p⊥
(p⊥/3)
]3
,
dNM
d2p⊥
(p⊥) = CM
[
dNq
d2p⊥
(p⊥/2)
]2
, (1)
where the coefficients CM and CB account for the probabilities for qq¯ → meson and qqq → baryon
coalescence. The quark spectra are not uniform relative to the reaction plane, and according to Eq. 1
the ani otropy hould b amplified almost a factor of two in meson spec ra and about factor f three in
baryon spectra. Within that picture (and only in the limited region where the formalism is applicable),
elliptic flow, v2(pT ), of baryons is expected to be about 3/2 times larger than that of mesons [10, 11].
Such a relationship has been observed experimentally later within about 10-20% accuracy – typical for
such kind of predictions (of “additive quark model”). This observation is considered as a strong evidence
that the system created in heavy ion collision is in a deconfined state during most of its evolution. The
preliminary results from LHC seems o be in agreement with the NCQ scaling, though the detailed
analyses of LHC data are ongoing.
2.3 T stin the chiral magnetic effect
QCD links chiral symmetry breaking and the origin of hadron masses to the existence of topologically
nontrivial classical gluonic fields, instantons and sphalerons, describing the transitions between the
vacuum states with different Cher -Simons numbers. Quark interactions with such fields change the
quark chirality and are P and CP odd. Though theorists have little doubt in the existence of such fields,
they have never been observed directly, e.g. at the level of quarks in the deep inelastic scattering. The
experimental search for the local strong parity violation in heavy ion collisions was greatly intensified
once it was noticed [13, 14] that in noncentral nuclear collisions it could lead to the asymmetry in the
3
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v2 for several hadron species from a minimum-bias sample of Au + Au collisions at √s NN = 200 GeV
measured by the Solenoidal Tracker at the Relativistic Heavy Ion Collider (STAR) (6) and Pioneering High
Energy Nuclear Interaction Experiment (PHENIX) (35) collaborations. The curves show the results from
hydrodynamic model calculations (14). v2 values also show that baryon production at intermediate pT is
enhanced in the in-plane direction, leading to larger baryon v2. This observation is incompatible with the
expectation of v2 arising from parton energy loss.
function of pT for pions, kaons, protons, and ! hyperons (6, 35). In the bulk region ( pT < 1.5
GeV/c), v2 increases with pT (44). In this region the v2 values for different hadrons are ordered by
their mass, with more massive particles having smaller v2 values (6, 35, 45). This mass ordering
is qualitatively understood in hydrodynamic models of the expansion of the bulk of the fireball
(14). Some hydrodynamic calculations are also shown in Figure 3. For pT > 1.5 GeV/c, the data
clearly deviate from hydrodynamic calculations. The measured v2 seems to saturate, as predicted
by parton cascades (46), and the particle-type dependence reverses: v2 values for the more massive
baryons are larger than those for mesons.
v2 can also be generated if jets are quenched in theQGP (47).However, such calculations grossly
underestimate the measured values of v2, particularly when they simultaneously have to explain
values of RCP close to one. The data clearly show that although protons and hyperons have RCP
values near unity, their maximum v2 values exceed those of pions and kaons by approximately 50%.
Taken together, the particle-type dependence of v2 and RCP provides very stringent tests of various
models for particle production and rule out pure jet fragmentation or simple hydrodynamics as
models for hadron production at intermediate pT .
2. FORMULATIONS OF HADRONIZATION BY RECOMBINATION
2.1. Basic Theory
Coalescence or recombination of particles is a very general process that occurs in a wide array of
systems from the femtometer scale to astrophysics. In all these fields the first approach is to discard
the details of the dynamical process in favor of exploiting an adiabatic approximation, in which
a projection of the initial state onto the final clusterized state is considered. In the specific case
of recombination of partons, most of the work described in the literature uses an instantaneous
www.annualreviews.org • Hadronization by Coalescence 183
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(a) The elliptic anisotropy parameter v2 scaled by quark number n and plotted against pT /n. (b) To
investigate the quality of agreement between hadron species, the data from panel a are scaled by a fitted
polynomial function and plotted here.
strong interaction between heavy quarks and the medium first seen in RAA (91, 92) and v2 of single
electrons from semileptonic decays ofD and Bmesons. Although the primary goal of these studies
is to understand the origin of this strong interactionwith themedium, it is clear that the hadroniza-
tionmechanismplays a significant role in the interpretationof the data (89, 90). InFigures 9 and10
we showRAA and v2 for single electrons from semileptonic decays, together with experimental data
from PHENIX (Pioneering High Energy Nuclear Interaction Experiment) and STAR (91, 92).
Comparing the coalescence-plus-fragmentation and fragmentation-onlymodels, one notices a sig-
nificant effect from coalescence thatmanifests in an increase in bothRAA and v2 up to pT ∼ 3GeV/c
for single electrons (which corresponds to about pT ∼ 7GeV at the meson level). The effect is cru-
cial because coalesc nce reverses the usual correlation betweenRAA and v2 and so allows for a better
agreement with the d ta. The nonphotonic electron spectrum can also be effected by coalescence if
the!c/D ratio is enhanced in Au+ Au collisions compared to p+ p collisions (93). This is because
the branching ratios to electrons are much smaller for charm baryons than for charm mesons.
An important development in the study of QCD at high temperatures is the emerging role of
coalescence for quarkonia in aQGP.Even though coalescence has been applied to the J/" formany
years, the present implementations can be used to check not only the yield but also the spectra
and elliptic flow as a function of transverse momentum. This enables investigators to perform
consistency checks between the spectra observed for open charm mesons and for J/"s. Such
studies will be of particular interest at the LargeHadronCollider (LHC), where the J/" should be
dominated by regeneration in the plasma (94, 95). In addition, recent studies have found that even
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Figure 2: (Left) Identified particle elliptic flow in Au+Au collsions at
√
s
NN
=200 GeV. (Right) Test of
the NCQ scaling. Both figures are taken from review [12]
emission of positively and negatively harged particle perpendicular to the reaction plane. Such a charge
separation is a consequence of the difference in t e number of quarks with ositive an negative helicities
positioned in the strong magnetic field (∼ 1015 T) of a noncentral nuclear collision, the chiral magnetic
effect [13, 15]. The direction of the charge separ ti n varies in accord with the sign of the domain
topological charge, which makes the observ tion of the effect experime tally difficult. A c rrelator
sensitive to the CME was proposed in Ref. [16]:
〈cos(φa + φb − 2ΨRP )〉 = 〈cos ∆φa cos ∆φb〉 − 〈sin ∆φ sin ∆φb〉 (2)
= [〈v1,αv1,β〉+Bin]− [〈a1,αa1,β〉+Bout] ≈ −〈a1,αa1,β〉+ [Bin −Bout],
where the a1 coefficients describe the (first armon c) up-d wn asymmetry in particle production.
Subscript α denotes the p rticle typ . STAR Collaboration measurements [17, 18] of this correlator
e consistent with the exp ct tio f r the CME and can be considered as evidence of the local strong
parity violation. Preliminary ALICE results [19], s e Fig. 3, show very similar signal. The ambiguity
in the interpretation of experimental results comes from a possible background of (the reaction plane
dependent) correlations not related to C E. As the detailed quantitative predictions for CME do not
yet exist, it is difficult to disentangle different contributions. At the same time there exist no model
which would fully describe the data in terms of “conventional” physics. The most notable in this respect
is the paper [20] where the authors show that the difference between the same sign and opposite sign
correlations as measured by STAR c n be expl ined ithin a blast wave model that includes charge
conservation along with radial and elliptic flow with parameters tuned to the data.
Note that a key ingredient to CME is the strong magnetic field, while all the background effects
originate in the elliptic flow. This can be use for a po sible experimental resolution of the question.
One possibility is to study the effect in central collisions of non-spherical U nuclei [21], where the relative
contributions of the background (proportional to the elliptic flow) and the CME (proportional to the
magnetic field), should be very different in the tip-tip and body-body type collisions (see right panel
of Fig. 3, and differ from those in central Au+Au collisions. The body-body U + U collisions would
correspond to a strong background (elliptic flow due to the ellipsoidal shape of the nuclear overlap zone)
and small CME signal, as the magnetic field is expected to be relatively weak in such collisions.
4
As discussed below, fluctuations in the initial conditions lead to significant higher harmonic flow.
This opens new possibilities for estimates of the background in the measurements of charge dependent
correlations sensitive to the CME. The idea here is that the CME, the charge separation along the
magnetic field, should be zero (highly suppressed) if measured with respect to higher harmonic event
planes, while the background effects due to flow should be still present, although smaller in magnitude
(according to higher harmonic flow). An example of such a correlator, where the CME contribution
expected to be strongly suppressed, would be:
〈cos(2φα + 2φβ − 4Ψ4〉, (3)
where Ψ4 is the fourth harmonic event plane. The value of the background due to flow could be
estimated by rescaling the correlator Eq. 2. These measurements will require good statistics; detail
interpretation would also need calculations of the magnetic field fluctuations. Finally, I note that many
other experimentally possible tests, in particular with identified particles, can be found in [22].
Flow and other collective phenomena with ALICE 5
§6. Probes of local parity vi lati n in strong interaction
The extr me magnetic field created during a non-central relativistic heavy-ion
collision may spontaneously excite instantons and sphalerons from the QCD vac-
uum which violates parity symmetry of the strong interactions. It is predicted by
Kharzeev et al.13) that this may result in the experimentally observable separation of
charges along the magnetic field. Since the magnetic field is perpendicular to the col-
lision reaction plane, Voloshin14) proposed to use the anisotropic flow measurement
technique to experimentally probe the e↵ects of charge separation. Figure 5(a) shows
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Fig. 5. Charged dependent azimuthal correlations vs. centrality measured for Pb-Pb collisions
at
p
sNN = 2.76 TeV and Au-Au collisions at
p
sNN = 0.2 TeV: (a) two-particle correlations
with respect to the reaction plane, (b) 1st harmonic two-particle correlations. Figures adapted
from15).
the experimental results for the charge-dependent two-particle correlation with re-
spect to the reaction plane: hcos( ↵+   2 RP)i, where  ↵,  is the azimuthal angle
and ↵,  charge of the particle, and  RP is the reaction plane angle. Clear charge sep-
aration is observed at both RHIC and LHC energies with a very similar magnitude
and centrality dependence of the correlations. The hcos( ↵+   2 RP)i observable
has direct sensitivity to the event-by-event charge fluctuations, but it is parity even
and thus is sensitive to e↵ect unrelated to the symmetry violation. The presence
of parity even background correlations which contributes to the measured charge
separation at RHIC and LHC significantly complicates the interpretation of the
data. Among possibly large contributions from the parity even backgrounds are flow
fluctuations in the first flow harmonic16) and e↵ects of local charge conservation17).
Figure 5(b) presents the 1st harmonic two-particle correlations, hcos( ↵   )i, which
in contrast to the hcos( ↵ +      2 RP)i show opposite sign at LHC than at RHIC
for the same charge correlations. Results for the hcos( ↵   )i correlator are domi-
nated by the parity conserving background sources and this may provide additional
insights on the origin of the measured charge separation. Currently, large theoretical
uncertainties in the estimate of background correlations as well as lack of quanti-
tative predictions from the models which incorporate parity symmetry violation in
QCD make the data interpretation di cult and further theoretical developments in
flow are based on the assumption that it scales with initial
(participant) eccentricity of the nuclei overlap region.
In noncentral nuclear collisions particle distribution in
azimuthal angle is not uniform. The deviation from a flat
distribution is called anisotropic flow and often is de-
scribed by the Fourier decomposition [18,19] (for a review,
see Ref. [20]):
dN!
d"
/ 1þ 2v1;! cosð!"Þ þ 2v2;! cosð2!"Þ þ . . .
þ 2a1;! sinð!"Þ þ 2a2;! sinð2!"Þ þ . . . ; (1)
where !" ¼ ð"%"RPÞ is the particle azimuth relative to
the reaction plane, v1 and v2 account for directed and
elliptic flow. Subscript ! denotes the particle type.
Because of the ‘‘up-down’’ symmetry of the collisions an
coefficients are usually omitted. CME violates such a
symmetry. Although the ‘‘direction’’ of the violation fluc-
tuates event to event and on average is zero, in events with
a particular sign of the topological charge, the average is
not zero. As a result, it leads to a nonzero contribution to
correlations, han;!an;#i. One expects that the first harmonic
would account for the most of the effect. To measure
ha1;!a1;#i, it was proposed [14] to use the correlator:
hcosð"! þ"# % 2"RPÞi ¼ cos!"! cos!"#i
% hsin!"! sin!"#i
¼ ½hv1;!v1;#iþ Bin'
% ½ha1;!a1;#iþ Bout' (2)
( %ha1;!a1;#iþ ½Bin % Bout':
(3)
This correlator represents the difference between correla-
tions ‘‘projected’’ onto the reaction plane and the correla-
tions projected onto an axis perpendicular to the reaction
plane (a m re det iled discussion of that can be found in
Refs. [14,16]. The key advantage of using such a difference
is that it removes the correlations among particles ! and #
that are not related to the reaction plane orientation. The
remaining background in Eq. (3), Bin % Bout, is due to
proce ses in which particles ! and # are products of a
cluster (e.g., resonance, jet, di-jets) decay, and the cluster
itself exhibits elliptic flow or decays (fragments) differ-
ently when emitted in-plane compared to out-of-plane. The
corresponding contribution to the correlator can be esti-
mated as [14,16]:
hcosð"! þ"# % 2"RPÞi
¼ Nclust=eventNpairs=clust
Npairs=event
) hcosð"! þ"# % 2"clustÞiclustv2;clust; (4)
where h* * *iclust indicates that the average is performed only
over pairs consisting of two daughters from the same clus-
ter. This kind of background cannot be easily eliminated or
suppressed and constitute the main uncertainty in the inter-
pretation of the STAR results. To address its contribution
one has to rely on model calculations [16]. A better ap-
proach would be to perform experiments where the relative
contribution of CME and background can be varied. Note
that the background is proportional to the elliptic flow
present in the event, v2;clust in Eq. (4). It is not clear how
one could suppress elliptic flow and at the same time
preserve strong magnetic field needed for CME. But the
opposite, collisions with strong elliptic flow and no (or al-
most no) magnetic field, seems to be possible. This can be
achieved in central body-body UþU collisions. Uranium
nuclei are not spherical and have roughly ellipsoidal shape.
Central collision, when most of the nucleons interact, can
have different geometry, ranging from the so-called tip-tip
collisions to body-body collisions [21], see Fig. 1. Unlike
tip-tip collisions, body-body ones would exhibit strong
elliptic flow. Neither would lead to a strong magnetic field;
consequently, a very weak signal due to CME is expected,
while background would be much stronger in body-body
configuration compared to tip-tip configuration.
Collisions of uranium nuclei were first proposed for
RHIC by P. Br un-Munzi ger [22] with th goal to achieve
higher energy density compared to Auþ Au collisions.
The idea was later elaborated in Refs. [23,24], in particular
pointing out an important possibility to study elliptic flow
at such high energy densities.
At RHIC o e ca select entral collisions by requiri g
low signal in the zero degree calorimeters that detect spec-
tator neutrons. Below I discuss how one might ‘‘control’’
the geometry of the collision, and, consequently, the relative
strengths of the signal due to CME and b ckground, by
selecting events based on multiplicity, signal in the zero
degree calorimeters, and the magnitude of the flow vectors.
The magnetic field strength at a position r and time t is
defined by the Lienard-Wiechert potentials
eBðt; rÞ ¼ !EM
X
n
en
ð1% v2nÞ
ðRn %RnvnÞ3 vn )Rn; (5)
where !EM ( 1=137 is the fine-structure constant, and en
is the electric charge of the nth particle in units of the
FIG. 1 (color online). Schematic view of central Uþ U colli-
sions: (a) tip-tip and (b) body-body.
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Figure 3: (Le t) The correlator Eq. 2 e sured by STAR and ALICE c llaborations [19]. (Right)
Tip-tip (a) and body-body (b) configurations of U + U central collision.
3 Rece t developments: higher harmonic flow
For a long time, the main systematic uncertainty in the interpretation of the elliptic flow measurements
was the unknown relative contribution from flow fluctuations and nonflow – the correlations not related
to the initial geometry. These two effects determine the difference in v2{2} and v2{4} - elliptic flow
measurements with two and 4-particle cumulants. v2{2} is biased toward higher values by both, flow
fluctuations and nonflow, and v2{4}, basically free from nonflow, is biased toward smaller values by
fluctuations. It is thought that flow fluctuations are mostly due to fluctuations in the position of the
participating nucleons, the distribution of which determines the participant plane (that is different from
the re ction plane). The first realistic estimates of flow fluctuations [23, 24] showed that almost the entire
ifference between v2{2} and v2{4} can be accounted fo by flow flu tuatio s without much “room”
left for n flow contribution. A little earlier to th se fl w fluctuations estimates, it was argued [25]
that in a nuclear collision the spatial orrelations of pa ticles produced in the same nucleon-nucleon
collision in conjunction with the radial flow lead to a narrow in azimuth and long ranged in rapidity
correlations. Such correlations were observed later experimentally and called ridge. In [26, 27] it was
shown explicitly in the event-by-event hydrodynamical calculations that the fluctuations in the initial
density distribution that extends over large rapidity range lead to the ridge structure in two particle
correlations (for a bit more detail discussion of this question see [28]). An important and striking
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magnitude of v2ðptÞ is better described by !=s ¼ 0 while
for v3ðptÞ !=s ¼ 0:08 provides a better description. We
anticipate future comparisons utilizing MC-KLN initial
conditions.
For central collisions 0%–5% we observe that at pt $
2 GeV=c v3 becomes equal to v2 and at pt $ 3 GeV=c v4
also reaches the same magnitude as v2 and v3. For more
central collisions 0%–2%, we observe that v3 becomes
equal to v2 at lower pt and reaches significantly larger
values than v2 at higher pt. The same is true for v4
compared to v2.
We compare the structures found with azimuthal corre-
lations between triggered and associated particles to those
described by the measured vn components. The two-
particle azimuthal correlations are measured by calculating
Cð!"Þ % Nmixed
Nsame
dNsame=d!"
dNmixed=d!"
; (3)
where !" ¼ "trig &"assoc. dNsame=d!" (dNmixed=d!")
is the number of associated particles as function of !"
within the same (different) event, and Nsame (Nmixed) the
total number of associated particles in dNsame=d!"
(dNmixed=d!"). Figure 4 shows the azimuthal correlation
observed in very central collisions 0%–1%, for trigger
particles in the range 2<pt < 3 GeV=c with associated
particles in 1< pt < 2 GeV=c for pairs in j!!j > 1. We
observe a clear doubly peaked correlation structure cen-
tered opposite to the trigger particle. This feature has been
observed at lower energies in broader centrality bins
[32,33], but only after subtraction of the elliptic flow
component. This two-peak structure has been interpreted
as an indication for various jet-medium modifications
(i.e., Mach cones) [32,33] and more recently as a manifes-
tation of triangular flow [10–13]. We therefore compare the
azimuthal correlation shape expected from v2, v3, v4, and
v5 evaluated at corresponding transverse momenta with the
measured two-particle azimuthal triggered correlation and
find that the combination of these harmonics gives a natu-
ral description of the observed correlation structure on the
away side.
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FIG. 4 (color online). The two-particle azimuthal correlation,
measured in 0<!"< # and shown symmetrized over 2#,
between a trigger particle with 2< pt < 3 GeV=c and an asso-
ciated particle with 1< pt < 2 GeV=c for the 0%–1% centrality
class. The solid red line shows the sum of the measured aniso-
tropic flow Fourier coefficients v2, v3, v4, and v5 (dashed lines).
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40% compared to hydrodynamic model calculations, (b) 0%–5%
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Figure 4: (Left panels) 10k Au+Au collision events at b = 8 fm rotated to different event
planes. (Right panel) Differential flow for harmonics n = 1−5 by ALICE Collaboration [34].
observation made in [25] was that such a mechanism with realistic values of radial flow would lead to
two-particle azimuthal correlations, which again almost entirely explain the difference between v2{2}
and v2{4}, but now not by flow fluctuations but “nonflow”. There was a puzzle.
The resolution of the puzzle appeared to be simple: although the appearance of the ridge and
anisotropic flow fluctuations look as totally unrelated phenomena, they have the same roots and ap-
peared to be different descriptions of the same phenomenon – the reaction of the system to fluctuations
in the initial density. It was noticed in [29, 30] that the fluctuating initial conditions generate anisotropic
flow of different harmonics. That followed by understanding [31, 32, 33] that the perturbations due to
each of the “hot spots” can be treated independently, which allowed to reformulate the problem from a
different perspective – decompose the initial density into multipoles and study the system response to
each of the multipoles - dipole, triangular, quadrangular, etc. fluctuations. Effectively, this approach
is equivalent to the rotations of each of the events to a given harmonic symmetry plane, which results
into smooth initial conditions but with a shape corresponding to a given harmonic. To illustrate this,
in Fig. 3 I show the participant nucleon density averaged over the same 10k events but with each event
rotated to a correspondent harmonic event plane, identified in the figure. These very different shapes
are the origin of higher harmonic flow that was recently measured by several collaborations at the LHC
and RHIC, see the results from ALICE Collaboration [34] in the right panel of Fig. 3.
Different shapes in the initial geometry of the collision, as shown in Fig. 3, to a different degree will
be preserved in the system freeze-out shapes. It was shown in [28] that those shape can be addressed
experimentally with azimuthally sensitive femtoscopic analysis. Recall that for a Gaussian source, the
correlation function appears to be a Gaussian
C(q,P) ∝ 1 + exp∑
i,j
R2ijqiqj, (4)
where q = p1 − p2 is the pair relative momentum, P = (p1 + p2)/2 ≈ pi is the particle average
momentum, and R2ij = 〈(ri − Vit)(rj − Vjt)〉 are the HBT radii. The idea of the azimuthally sensitive
femtoscopic analysis, to study the radii dependence on the pair emission angle with respect to the
reaction plane, was first proposed in [35] with an extension to non-identical particle correlation in [36].
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Details of femtoscopic analyses and discusion of the experimental results can be found in a review [37].
Figure 5: Left: side-out coordinates. Middle: illustration of predominant expansion along shorter
directions. vn(pt) for typical values of parameters used in this work.
The dependence of the HBT radii on the higher harmonic (n > 2) flow appears to be a bit more
complicated compared to the “standard” analysis with respect to the reaction plane. In the discussion
below I use a standard side-out-long system [37] (see figure 5, left). For a stationary (not expanding)
source the radii azimuthal dependence can be expressed as
R2side = 〈x2side〉 = 〈x2〉 sin2 φ+ 〈y2〉 cos2 φ− 〈xy〉 sin 2φ, (5)
which has only n = 2 harmonic. Higher harmonics azimuthal dependence appears only as a deviation
from the Gaussian shape of the correlation function, e.g. in 〈x6side〉 and 〈x4side〉 for triangular and
quadrangular shapes respectively, which would greatly complicate the analysis (for the effect of non-
Gaussiness on HBT radii, see [38]). But this is true only for a stationary source. The picture changes if
one considers azimuthal variation in the expansion velocity, see Fig. 5 middle panel, where the thickness
of the arrows indicate the expansion velocity. As shown in [28] using a blast wave model calculations
with realistic parameters, the azimuthal dependence of the HBT radii is significant, see Fig. 5 right
panel, which indicates that the higher harmonics shape effects become clearly visible and measurable.
That was also confirmed in the AMPT [39] model calculations [35].
4 Summary
Heavy ion collisions is unique laboratory to study QCD, including the physics of hadronization and
properties of QCD vacuum. Anisotropic flow is one of the most important and sensitive tool in this
study. The recent progress in the understanding of the physics of anisotropic flow fluctuations and
their relation to the structures in two particle ∆η × ∆φ correlations, further advances the physical
interpretation of the measurement. Measurements with higher harmonics flow promise new insights to
the correlation measurements related to CME, and the system shape and velocity fields via femtoscopy.
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